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Stresses about a Circular Hole in a Cylindrical Shell
PETER VAN DYKE*

Martin Company, Baltimore, Md.

The effects of a circular hole on the initial states of uniform stress produced by loading an
infinite shallow cylindrical shell by axial tension, internal pressure, and torsion are deter-
mined. Manipulation of the linear equations as defined for thin, shallow cylindrical shells
yields a single complex differential equation involving the dimensionless parameter /3; the
solution of the equation is obtained for three ranges of this curvature parameter. A starting
solution for the stresses involves a perturbation in the parameter /3; the results to terms of
order /32, first obtained by Lurie for the membrane stresses due to loading by axial tension and
internal pressure, are corrected. The solution of the governing differential equation as an in-
finite series of Hankel functions is used to obtain values of the membrane and bending stresses
for intermediate values of ft under the three loading conditions. The series solution is ter-
minated at a finite number of terms and satisfies the boundary conditions by a collocation pro-
cedure. The behavior of the stresses for large values of ft is estimated for the shell loaded by
axial tension and internal pressure by employing boundary-layer techniques. Compari-
sons are made between these results and other theoretical work as well as with available experi-
mental data.

Introduction

THIS paper is concerned with obtaining stresses occurring
about a circular hole cut in a cylindrical shell. Three

loadings of the shell are considered: loading by axial tension,
internal pressure, and torsion; stresses are found both at the
hole edge and in the shell interior. For the pressure case,
the hole is considered to be covered by a diaphragm that
allows the hole edge to deflect and rotate but transmits the
pressure force to the shell in the form of a uniform transverse
shear stress at the hole edge.

The shell configuration is shown in Fig. 1. The principal
dimensions a, R, and t are indicated as follows: a is the
radius of the circular hole; R is the radius of curvature of
the shell middle surface; and t is the uniform shell thickness.
A single parameter, the curvature parameter ft, defined in
terms of these quantities will be seen to enter the problem.
It is defined as

= a2[12(1 - ^2 (1)
The region of the cylindrical shell which contains the hole

will be treated by shallow shell theory. A shallow cylindrical
shell may be described as a shell whose ratio of rise to base
length is small, which implies that its circumferential dimen-
sion is small compared with its radius of curvature. By
limiting the ratio of the hole radius to the radius of curvature
a/R the effects of the hole may be confined to an area that is
within a small radial distance from the hole; this region of
the shell may be considered to be a shallow shell. In addi-
tion, the shell thickness must remain small, as dictated by the
use of a shallow, thin shell theory.

The first attempt to obtain a solution for the case of a
circular hole cut in a cylindrical shell was made in 1947 by
Lurie1 for loading by axial tension and internal pressure.
The method of solution involved a perturbation in the curva-
ture parameter ft and extended through terms of order ft2.
The solutions, which are valid only for small values of ft, re-
duce to the flat-plate solutions for ft equal to zero. By a
similar perturbation method, Shevliakov and Zigel2 obtained
a solution for small ft for the problem of torsion loading. The
first extension of the results for shells with larger values of
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the curvature parameter was made in 1958 by Withum3 for
the problem of the shallow cylindrical shell with a circular
hole loaded by torsion. A perturbation technique was em-
ployed to obtain the stresses in the shell for values of the
curvature parameter up to 2. More recently, Eringen and
his co-workers4 and Lekkerkerker5 have employed numerical
procedures to obtain the stresses in the shell for the three
loading conditions; Eringen also extended Withum's method
to the problem of loading by internal pressure. Each term
in a Fourier series solution satisfied the hole boundary condi-
tions in Lekkerkerker's solution, while Eringen employed a
collocation procedure similar to the numerical collocation
procedure used in this paper. The work of Lekkerkerker
proceeded simultaneously with that of this paper, and Erin-
gen's results were not discovered until the calculations for
the stresses at the hole had been completed. The analyses of
both of these investigators extended to a ft of about 1.75
whereas the numerical calculations included in this report
extend to a ft of 4.

Formulation of the Problem

The equations that are considered to govern the behavior
of the region of the shell which is influenced by the presence
of the hole are the shallow, thin shell equations. These equa-
tions have been written in general, nonlinear form by Mar-
guerre;6 they are specialized here to the linear equations for
the case of a cylindrical geometry. The stress conditions in
the shell, as described by the stress resultants and the dis-
placements tangential and normal to the middle surface,
are shown in Fig. 2.

The linear shallow shell equations for a cylindrical shell
geometry may be readily combined into two differential
equations involving only the membrane stress function F
and the normal displacement W. These two equations are

and

where

and

W, x =

V4F + F, XX/RD = p/D

- tEW,xx/R = 0

D =

(2)

(3)

(4)

W, xxxx + 2W, xxyy + W, yyyy (5)
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Fig. 1 Cylindrical shell configuration.

A distributed load normal to the middle surface is given by
p, and the two material properties are the modulus of elasticity
E and Poisson's ratio v.

A process of nondimensionalization of the system of equa-
tions is now carried out. The nondimensional coordinates
£ and 77 are defined in terms of the dimensional coordinates
and the hole radius as

ij = y/a (6)

The membrane stress resultants are nondimensionalized
with respect to a reference membrane stress NT*f. The refer-
ence stress is chosen depending on the problem: for the
axial tension case, the reference stress is chosen to be the
membrane stress applied to the shell in the axial direction;
for the internal pressure loading case the reference stress is
equal to pR, which is the membrane stress in the circumfer-
ential direction around the cylinder far from the hole; for the
torsion loading problem JVref is chosen to be the membrane
shear stress applied to the shell at its outer boundary. The
nondimensionalization is carried out so that the two differ-
ential equations will emerge with each equation containing a
common nondimensional parameter. This condition is met
when the nondimensional forms of F and W are given by

F = . (7)

where the bar over a quantity denotes its nondimensionality.
The complex function <£, defined as

- iF (8)
and the curvature parameter /3, defined by Eq. (1), allow the
two differential equations (2) and (3) to be combined into
the single complex differential equation

where the right-hand side is present when the shell is loaded
by a uniform normal pressure and is zero otherwise.

The uniform states of stress present in the shell before the
hole effects are considered may be_represented by appropriate
nondimensional stress functions F for the different loadings
considered. For the problem of axial tension,

F = (10)
gives the required loading Nxx = 1, and Nxy = Nvy = 0.
For the pressure and torsion loading cases, the stress functions

produce the required stress conditions in the cylinder. For
ease in applying boundary conditions, residual problems are
formulated by defmingjaew stress functions F* which are the
total stress functions F with the stress functions describing
the uniform states of stress removed. The constant normal
displacements due to the_uniform states of stress are removed
from the displacements W, so that the residual displacements
W* are the displacements in the shell due to the presence of
the hole. The membrane solutions are then added to the
residual problem solutions to obtain total solutions,

By defining the new function <£* as
<£>* = - iF* (12)

the differential equation (9) becomes a homogeneous equation
for all loading conditions and is given by

V4^* + Si/32 <£*,££ — 0 (13)

Since the problems concern circular hole boundaries, the
boundary conditions must be written for an edge of constant
radius. It is therefore useful to introduce the nondimensional
polar coordinates defined as

£ = r cos0 rj = r sin0 (14)

The equations for the stress resultants and couples become

N,rr = F r/T + F,00/T* N00 = F rr
(15)

Nre = -(F,0/r),r

Qe' = -{(l/r)v*W.e+ (1 - v ) \ ( l / r ) W t 9 ] t T r } (16)

(17)

See = -{*W, rr + [d/r)W, r + (l/r*)W. ee]}

Mre = -(1 - v ) [ ( l / r ) W . e ] . r .

where the effective transverse stress terms are defined

Qr' = Qr + Mr9, B/T Qd' = Q0 + Mr0, r (18)

The boundary conditions for the total problems are satis-
fied by requiring that certain stress resultants vanish at the
hole. For the three problems, tension, pressure, and torsion,
the vanishing of the normal and shearing membrane stresses
at the hole for the total problems results in the boundary
conditions for the residual problems, at r = I ,

F*, r + F*. ee = - U + cos20)/2, (cos2(9 - 3)/4, sin20 (19)

*, e - F*t ro = sin20/2, ~ sin20/4, cos20 (20)

Vanishing of the normal stress couples for the total problems
requires that, for the residual problems,

*, rr + V(W*, r + W*, 00) = 0, 0, 0 (21)

and vanishing of the effective transverse shear stresses at the
hole requires

TF*. rrr + W*, rr ~ W*, r + (2 ~ V)W*, rd0 ~

(3- v)W*.ee = 0,4/32 ,0 (22)

For the residual problems, the boundary conditions far from
the hole may be satisfied by requiring F* and W* to be
bounded at infinity.

Solution to the Differential Equation

The solution to the differential equation (13), which governs
the behavior of the shell, is begun by writing it in the opera-
tionally factored form

p = £2/2 and F = (11) = 0 (23)
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where

L! = V2 - 2(1 - i)

L2 = v2 + 2(1 - 0
Since the operators LI and L2 are commutative,

(24)

(25)

(26)

The operators of Eq. (24) are similar to those encountered
by Lamb7 in a hydrodynamic viscous flow problem, and they
may be solved by making separations of the form

where

- 0 - 0

rj) (27)

The functions
ential equation

and ^2 then both satisfy the single differ-

V V (28)

The problems of the shell loaded by axial tension and in-
ternal pressure have symmetry about both the £ and 77 axes,
whereas the torsion problem is antisymmetric about these
axes; the solutions in the quadrant where £ and rj are both
positive may be continued into the remaining three quadrants
by these symmetry properties. It is anticipated that a solu-
tion of Eq. (28) may be obtained as the sum of parts that are
symmetric and antisymmetric in £. Since symmetry and
antisymmetry in £ must be provided by the solutions for <£*,
it is convenient to combine the functions e^~^^ and
e -(!-*)££ to form new functions that are also symmetric
and antisymmetric in £. E\ — iE2, a symmetric combina-
tion, is defined as

EJ. - iE2 = [ed-*)« + e-V-M*]/* (29)
An antisymmetric combination is given by

- iE, = (30)

These functions are the Krylov functions (Ref. 1, p. 190).
The solutions for the residual problems with symmetry

and antisymmetry in £ become, therefore,

= (E, ~
(31)

For problems symmetric in 77 as well as £, the solution to Eq.
(28), written in polar coordinates, is obtained which is sym-
metric in 0. By separation of variables this solution may be
written as the infinite series

JIn* XC H 1

cosnfl (32)

Since the solutions for <£* are to be bounded at infinity, only
the parts involving Hankel functions of the first kind Hn

l will
be retained; the Hankel functions of the second kind, which
grow exponentially for large arguments, are discarded. Al-
though all the E functions grow exponentially with argument,
the Hankel functions of the first kind behave like

Hn
l (33)

for large arguments, so that the products of the two have the
behavior

EHn1 ~ Ce-^-^VOSr)1'2 (34)

By employing the identity

H_n = ein* Hn (35)

the two parts of ^ which were previously assumed to exist

STRESS COUPLES
& ROTATIONS

STRESS RESULTANTS
8 DISPLACEMENTS

Fig. 2 Stress couples and resultants, rotations, and dis-
placements.

become

n = Q, 2, 4,
(36)

where the unknown real coefficients An and Bn are to be de-
termined. For the torsion problem with antisymmetry in
rj, the cosnd terms become sinnO terms, and the even summa-
tion begins with 2.

The method of solution for small values of the curvature
parameter, employed originally by Lurie, is expansion of the
solution in even powers of ft and products of powers of ln/3
with even powers of ft. The known Hankel functions and
E functions may be expanded in the parameter ft, and similar
expansions are made for the unknown coefficients. The
boundary conditions will be identically satisfied by every
term in the Fourier series solution and also by each term in
the expansion series in ft and ln/3. This method was applied
originally by Lurie to obtain the membrane stresses at the
hole for loading by tension and internal pressure.

At the hole, the circumferential stresses are to be found;
they may be written in terms of the nondimensional quan-
tities, for the stresses at the upper and lower faces of the
shell, respectively, as

The stress in the shell far from the hole <7co will be equal to a
stress in the shell where there are no hole effects, and this
stress has been defined by the reference stress as N^t/t.
The ratio of the average stress at the hole <JQQ av to the stress
in the shell far from the hole will then become

(Tee = Nei (38)

where <7^av represents the first part of Eq. (37). The
maximum bending stress that occurs in the outer fibers of the
shell o-00& represents the second part of Eq. (37). The ratio
of this bending stress to the stress far from the hole becomes

= 670V [12(1 - (39)

and represents either a compressive or tensile stress at the
two outer faces of the shell. The stresses in the shell interior
are also expressed as the ratio of the actual stress to the stress
far from the hole. These stress ratios are given by equations
similar to Eqs. (38) and (39), where the dimensionless total
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Fig. 3 Membrane stress at the hole under tension loading.

stresses are given in terms of the stress function and the nor-
mal displacement by Eqs. (15-17).

The result of the perturbation solution for the membrane
stresses in the shell, through terms of order ft2, is

- (3 r
4) cos20/ 2r4 -
r4) cos20/8r4 + (40)

for the case of loading by axial tension. For the case of pres-
sure loading, the membrane stresses at the hole r = I are

cos20 cos20) (41)
for small values of the curvature parameter ft. The terms of
order ft2 were one-half the values obtained originally by Lurie
(Ref. 1, p. 196). These corrections to the starting series
results have also been confirmed by Eringen4 and Lekker-
kerker.5 The results of Shevliakov and Zigel for the torsion
loading case are, at the hole r = 1,

<roo*v/<ra> = 4(1 + 7r/32/2) sin20

A Numerical Solution for Loading by
Axial Tension

(42)

A numerical procedure to obtain the unknown coefficients
An and Bn was formulated by terminating the series, Eq.
(36), at an odd n; there were then 2(n + 1) unknown co-
efficients to be determined. The boundary conditions, Eqs.
(19-21), were satisfied by a collocation procedure that
enforced them at discrete points on the edge of the hole in
the quadrant 0 = 0 to tr/2. At each of these boundary
points there were four boundary conditions to be satisfied,
which gave four equations for the unknown coefficients;
(n + l)/2 discrete points were chosen at which to enforce the
boundary conditions. The solution of the resulting simul-
taneous equations determined the coefficients. For this
collocation procedure, the points on the boundary were evenly
spaced within the quadrant 0 to ir/2. As an example, for a
series where n was 9 the five required boundary points were
ir/12, 7T/6, 7T/4, 7T/3, and 57T/12. A Poisson's ratio v of
-g- was assumed for the numerical calculations.

For a given ft, the infinite series was cut off at successively
higher values of n until the values of the calculated functions
remained essentially the same for a further increase in the

series length. As ft was increased, the number of terms
needed in the series to obtain converging results also increased.
The maximum n used was 27, a series of 28 terms, which re-
sulted in 56 unknown coefficients. The numerical calcula-
tions for this procedure were carried out on an IBM 7094
digital computer. Computations of the stress quantities were
possible up to a ft of 4. For the calculations at ft equal to 4
these quantities showed convergence in the longest two series
employed, which were 26- and 28-term series; the variation
between the values calculated by the two series at various
circumferential points was at most about 1%.

The numerical solution was first used to compare the cor-
rected starting series of Lurie, Eq. (40), for the membrane
stresses at the hole. Agreement was found to a ft of about
0.3; at higher values of ft, the starting series is no longer
accurate. Figure 3 shows the membrane stresses at the hole
obtained over the entire range of ft, at 10° intervals around
the hole. The bending stresses at the hole, which are given
as the ratio of the maximum bending stress in the outer
fibers of the shell to the stress in the shell far from the hole,
are shown in Fig. 4. The ratio of this bending stress to the
membrane stress at the top of the hole, where the membrane
stress is a maximum, is shown in Fig. 5; the ratio reaches a
maximum of 27.9% at a ft. of about 3 and begins to decrease
for higher values of ft. Figure 6 shows some of the interior
stresses in the shell. The radial and circumferential mem-
brane and bending stress ratios, for a ft of 2, are given for three
circumferential positions. As would be anticipated from the
behavior indicated by Eq. (34), the stresses due to the hole
at the 90° position decay most rapidly.

A Boundary- Layer Analysis for Large ft
for Loading by Axial Tension

By defining the small parameter

e = 1/0 (43)
the differential equation (13) for the residual problem is

= Q (44)

The form of the residual problem solution as ft becomes large
is thus obtained from Eq. (44) as e goes to zero. The differ-
ential equation is factored into two commutative operators,
but further separation of the equation is not carried out;
they are treated directly by employing boundary-layer
techniques. The function <£].* is treated first, and the ana-
logous solution for $2* may be written directly from these
results; the two results are summed by Eq. (25) to obtain the
entire residual solution.

The equation for $1* may be written in polar coordinates as

2(1 - i) [cos0$i*, r - (sinfl/r)^*. e] = 0 (45)

1 2 3 4
CURVATURE PARAMETER j3

Fig. 4 Maximum bending stress at the hole under tension
loading.
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The general solution may be written as
&S = S(rj) + iT(ri) (46)

for e equal to zero. The variation from this solution for
small values of e will be sought in the form of a boundary
layer at the edge of the hole. With the boundary at r equal
to a constant, boundary-layer behavior would be expected
to occur in a direction normal to the boundary. The radial
coordinate is thus scaled by defining

f = (r - l)/e» (47)

The differential equation (45) forwhere f = 0 at the hole.
$1* becomes

. )$i*, ee - 2(1 - i)(
sin0(l - fe- + . . .

~m cos0$i*, f ~
$i*. 0) = 0 (48)

The power m is chosen so that the terms from each half of the
equation with the most rapid radial variation are retained
and so that the remaining terms are of smaller order and
may, therefore, be neglected. This implies that m is one,
and the first approximation to the transformed equation for
$1* becomes

$1* - 2(1 - i) 0 (49)

Now, at the point where cos0 goes to zero, however, the term
containing cos0 becomes small and is possibly reduced in
size to the order of the terms which were previously ne-
glected. The present analysis is, therefore, expected to be
valid only in the regions at the sides of the hole where
cos0 is not zero; a further investigation of the regions at the
top and bottom of the hole where cos0 is zero must be made.

The solution to Eq. (49) which contains boundary-layer
behavior in the radial coordinate is

Kn(0) (50)
where Kw and Kn are functions of 6 to be determined by the
boundary conditions. This solution is a valid representation
of the function <i>i*, which is bounded far from the hole,
only in the region at the side of the hole where cos0 < 0 or
where £ < 0. In the region where cos0 > 0, the general solu-
tion given by Eq. (46) holds. 3>i* then has smooth behavior
to the right of the rj axis and a possible boundary-layer be-
havior at the hole to the left of the 77 axis. The analogous
solution for <£2* is written as

$2* = (51)
This solution has smooth behavior to the left, and a possible
boundary layer to the right of the rj axis. The total solution
is, therefore,

£ > 0 (52)
^GOse + Ku(d) + S(TJ) + iT(jj) f < 0

where the unknown coefficients, functions of 6, are complex.

20

m

1 '10

27.9-

0=90°

0 1 2 3 4
CURVATURE PARAMETER /5

Fig. 5 Ratio of bending to membrane stress at the point
of maximum membrane stress under tension loading.

r = RADIAL DISTANCE/a

Fig. 6 Interior stresses for /3 = 2 under tension loading.

The boundary conditions are changed by the scaling of Eq.
(47), and become, at f = 0,

W*.fff = W*, ff = 0 F* - E

F*mf = -esin20
- sin20/2

(53)

The boundary conditions on the stress function and its deriva-
tive are obtained by integrating the boundary conditions of
Eqs. (19) and (20). The presence of the homogeneous
boundary conditions on PF*. ??? and W*, ff implies that the
coefficients Kw and K2Q are zero. There is, then, no boundary-
layer behavior at the hole sides, and the solution for $* which
satisfies the boundary conditions may be written as the
smooth function

$* = Ks + ir}2/2 — iKi(/3) (54)

This solution for <£* implies that the region at the sides of
the hole forms a "dead region" that is devoid of stress; the
total solution for the stress function F is the constant KI which
does not produce any stresses. The tendency of the mem-
brane stresses at the sides of the hole to die out for increasing
/3 may be seen in Fig. 3; the "dead region" with no stresses is
beginning to form. The second boundary condition of Eqs.
(53) implies that all of the circumferential bending stress re-
sultants at the hole will eventually become zero for small
e; the bending stresses of Fig. 4 have, in most cases, reached
maximum values and started to decrease in magnitude.
The conjectured boundary layer, which did not prove to
exist, is shown as the regions 1 in Fig. 7. Region 3 represents
the region where the smooth behavior, present when e is
zero, is assumed to exist; this smooth region extends to the
hole edge for the axial tension loading case and is the "dead
region" which has been described.

Because of the possibility of a different type of behavior at
the top and bottom of the hole, at 0 = ir/2 and 0 = — ?r/2,
a different coordinate expansion is now made in these regions.
A scaling in the two directions is made by

= (r - !)/€" a/ep a = 7T/2 - 0 (55)

The x axis represents the hole edge, the y direction is per-
pendicular to the boundary, and the origin of the new coordi-
nate system is at the top of the hole at its edge. The differ-
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Fig. 7 Boundary-layer regions.

ential equation (45) becomes

, yy , y •
2(1 -

(1 - + . . .

i) X

. . ) X

= 0 (56)

Now, to retain terms with the most rapid variation in the
two coordinates from both halves of the original equation, the
powers m and p become f and -^, respectively. The terms
ei-m anc[ ci-2P are Q£ ̂ he game order e17'3 and are neglected in
comparison with the e~1/3 order terms. The first approxi-
mation equations that result for the two functions are, there-
fore,

$!*, yy ~ 2(1 - i

$!*, „ + 2(1 - t)

The total equation for $>* may be written

- 0

= 0
(57)

^ + $*, 0) = 0 (58)
The solution to this equation is sought which is bounded away
from the hole and satisfies the boundary conditions at the
hole, y = 0,

w* = W*. yy = 0

(59)

Regions 2 of Fig. 7 are the boundary layers at the top and
bottom of the hole. In addition, the figure shows a region 4,
which is an expected interior boundary-layer area that will
connect the smooth behavior in region 3 with the conditions
in the shell far from the hole.

This first approximation to the behavior of the stresses for
small values of e again indicates that the circumferential
bending stress resultant at the top of the hole will be zero,
by the second boundary condition of Eq. (59) . The circum-
ferential membrane stress at the hole will, however, be given
by

cW^ = Nee = e~4/3 F*. n + 1 (60)

where the scaling of the r coordinate has been applied to

3.2

3.!

3.0
.25 .50 .75 1.0 1.25
INVERSE CURVATURE PARAMETER 6

Fig. 8 Membrane stress at top of hole for large /3 under
tension loading.

Eq. (15). Since the required stresses are independent of a
constant in the stress function F*, the quantity KI — i
may be dropped from the boundary conditions. These new
boundary conditions then imply a solution for F* of the form

F* = L(£,

and this gives, by Eq. (60),

= e~2/3 KT + 1

(61)

(62)
for the point at the top of the hole at the hole edge. Antic-
ipating this form for the membrane stresses at the top of the
hole, the data from the intermediate /3 calculation may be
presented as shown in Fig. 8. From this figure it appears that
KT will have a value very near 3.05, and the membrane
stresses may then be written

3.0502/3 + 1 (63)

at the top of the hole, 6 = ?r/2, for large values of the curva-
ture parameter )8. The exact solution of the boundary value
problem, represented by the differential equation (58) and
the boundary conditions (59), was found to be very difficult
to obtain; it was also felt that a very accurate determination
of the solution to this system would be necessary in order
to improve the estimate represented by Eq. (63).

Loading by Internal Pressure and Torsion

As in the axial tension case, the starting series for small ft,
given by Eq. (41) for pressure loading, is generally accurate to
a ft of about 0.3. Figure 9 shows the membrane stresses at
the hole obtained over the entire ft range. The stresses at
0° and 10° around the hole appear to have reached peak values,
but then they begin to increase again; all of the stresses ap-
pear to be increasing at the upper limit of the calculations,
where $ is about 4. The bending stresses of Fig. 10 are much
higher in magnitude than in the axial tension case; however,
it is anticipated that at higher values of j3 these stresses will
drop off as the membrane stresses continue to rise. The
stresses in the interior of the shell are shown in Fig. 11.
The stresses due to the hole at the top of the shell, where &
is 7T/2; decrease rapidly as the radial distance from the hole

1 2 3
CURVATURE PARAMETER

Fig. 9 Membrane stress at the hole under pressure load-
ing.
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increases. The convergence of the numerical calculations
was slightly less than that obtained from the previous prob-
lem; at a ft of 3.5, the largest variation in the stresses calcu-
lated by the longest two series was about 2%.

The nature of the boundary layer for the problem of loading
under internal pressure is altered from that of the tension load-
ing problem. At the sides of the hole, the same scaling of
coordinates implies a possible boundary layer and smooth
behavior of the form of Eq. (52). The boundary conditions
are, at f = 0,

(64)

where again the boundary conditions on the stress function
and its derivative are obtained from Eqs. (19) and (20) by
integration. For the internal pressure case, these boundary
conditions do allow a boundary-layer behavior at the sides
of the hole which will merge with a smooth behavior away
from the hole edge. The solution for the residual problem
function <£* may be written

W*. rrr = 4e

h sin20/4 F*,f = e (sirfd/2 -

- In

K(6) In n - r?2 -
£ > 0 (65)

The boundary layer represented by the first term of this
equation has a thickness of order a/cos 6. The boundary
conditions continue to imply that for small values of e the
circumferential bending stress resultant at the edge of the
hole will be zero. The circumferential membrane stress
resultant at the hole edge is, however, for cos0| > 0,

Nee = (cos20 + 3)/4 (66)

This result may be interpreted physically by considering the
circumferential membrane stress, acting over the width of
the boundary layer, to be balancing the effective transverse
shear acting at the edge of the hole. The projected connec-
tion between the calculated circumferential membrane stresses
at the sides of the hole and this large ft behavior is shown in
Fig. 12. Again, however, this behavior is only valid at the

2 3 4
CURVATURE PARAMETER /3

Fig. 10 Maximum bending stress at the hole under pres-
sure loading.

Fig. 11 Interior stresses for /3 = 2 under pressure loading.

sides of the hole, and a different analysis must be made for the
points at the top and bottom of the hole.

For these regions at the top and bottom of the hole the
boundary conditions at y = 0 become

= 4 W*, n = 0

= K2 - f + £V3/4 + . . .
F*,y = -e2/3/2 + . . .

37)

The differential equation to be solved for the boundary-
layer behavior is still Eq. (58). As a first approximation to
the solution for small e, all of the boundary conditions except
for the constant transverse shear stress may be considered
to be zero. These boundary conditions then imply a solu-
tion that is of order one, and the scaling of coordinates at the
top of the hole gives the circumferential membrane stress re-
sultant at the hole edge for the total problem as

Nee = (68)
Again, the circumferential bending stress resultant at the
hole edge vanishes. By anticipating this form for the mem-
brane stresses at the top of the hole, where 6 = x/2, the inter-
mediate ft data gives, as shown in Fig. 13, the approximate

2 4 6 8 10
CURVATURE PARAMETER /3

Fig. 12 Membrane stress at top of hole for large /3 under
pressure loading.
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Fig. 13 Projected membrane stresses for large /3 under
pressure loading.

expression

oW<r» - -1.65/34/3 + i (69)

for large values of the curvature parameter ft.
The problem of the torsion loading of the shell requires use

of the antisymmetric system of equations; the series solution
of Eq. (36) was terminated on an even n to give 2n equa-
tions; the boundary conditions were enforced at n/2 points
on the edge of the hole in the collocation procedure. The
selection of these points, which lie in the quadrant 6 = 0 to
7T/2, was identical with that outlined for the previous cases.
For small values of ft the numerical results are identical with
the starting series of Shevliakov and Zigel, Eq. (42), to a
ft of 0.3. Air of the results of calculations for the membrane
stresses at the hole are given in Fig. 14; it is seen that the
point of maximum stress is moving toward the top of the
hole as ft is increased. The values of the stresses are in-
creasing for points toward the top of the hole, whereas for
points at the side of the hole the stresses have reached peak
values and are starting to decrease. The bending stresses
shown in Fig. 15 demonstrate somewhat similar behavior
in that the stresses at the top of the hole are increasing whereas
those at the sides have begun to show signs of leveling off.
Some of the interior stresses are shown in Fig. 16, where the
stresses near the top of the hole show the most rapid decay
to their values away from the hole. The convergence for
the torsion problem was comparable to that obtained in the
case of loading by axial tension; at a ft of 4, the largest vari-
ation in calculated stresses for the longest two series was about
2%.

The boundary-layer analysis that lent itself with such
facility to the problems of loading by tension and internal
pressure proves to be less easily applied to the problem of
loading by torsion. The absence of an effective transverse
shear or stress couple at the hole precludes the presence of a
boundary layer at the hole edge at the sides, and the anti-
symmetry of the problem implies the absence of a membrane
stress resultant at the top or bottom of the hole. Figure 14
illustrates the fact that the maximum stress is increasing with
an increase in the parameter ft and that this point of maxi-
mum stress is approaching the top of the hole. As can be
seen from the points at 50° to 60° on the hole, the stresses in
the upper regions of the hole rise to a point where they repre-
sent the maximum stress but they then fall off in magnitude.
A more detailed boundary-layer analysis might well illustrate
the position and behavior of the maximum stress as the in-
verse parameter e becomes small. The boundary conditions
on the normal bending "stress resultant at the hole edge will
again, as e becomes small, eliminate the circumferential
bending stress resultant at the hole edge; Fig. 15 indicates
that some of the bending stresses are beginning to level off
in magnitude.

Results and Conclusions
The determination of stresses occurring around holes in

cylindrical shells by experimental techniques has been a
topic of some recent interest, partly due to the previous un-

availability of theoretical solutions beyond those for small
values of the curvature parameter. A summary of the experi-
mental results is given in Fig. 17 where comparisons are made
with the theoretical solutions. The experimental results
are those of Jessop, Snell, and Allison8 on tubes of inside to
outside diameter ratio of 0.9 loaded in axial tension and
torsion; the results of Houghton9 where frozen stress tech-
niques were used on Araldite B shell models loaded in axial
tension, internal pressure, and torsion; and the larger series
reported by Houghton and Rothwell10 where additional tests
were run on aluminum alloy panels under the three loadings
with the stresses measured with electrical strain gages. In
all of these experiments only the membrane stresses were
measured, and the results were presented as maximum direct
stress concentrations. These stress concentrations corres-
pond to the ratio of the circumferential membrane stress
at the hole to the stress in the shell far from the hole.

The best agreement between experiments and theory is
shown by the torsion loading case, as indicated by Fig. 17.
Also, the change in position of the point of maximum stress
was noted by Houghton and Rothwell in the report of the
experiments for the torsion case, but for the range of curva-
ture parameter covered by the experiments this change is
slight and the point of maximum stress is essentially the same
as it is for the flat plate. For the internal pressure case
rather good agreement is shown between the two experimental
points and the theoretical solution, as shown in Fig. 17. The
boundary conditions at the hole, which are assumed by the
theoretical solution, could have been realized by covering the
hole with a flexible membrane that would have allowed the
hole edge to twist and deflect freely while applying a uniform
transverse shear to the edge of the hole. The experimental
system, however, consisted of a very flexible, thin metal
plug covering the hole, and this might have introduced slight
restraints on the freedom of the hole edge. In the paper pre-
sented by Lekkerkerker,5 some experiments are also described;
comparisons with the theoretical results are presented for the
torsion loading case for the stresses in the shell interior as
well as the hole edge.

Comparisons with the theoretical results of Withum, Lek-
kerkerker, and Eringen for the stresses at the hole and in the

32-
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Fig. 14 Membrane stress at the hole under torsion loading.
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shell interior were made, and all results were in agreement,
with the exception of the circumferential bending stresses
reported by Eringen. As may be seen from Figs. 6, 11, and
16, these bending stresses have the same decaying character-
istics of the other stresses.

The question of the range of applicability of the shallow
shell theory can now be discussed, with the exponential decay
of the hole effects in the circumferential direction around the
shell

EHn
l ~ Ce~Pr/(l3r)l/2 (70)

obtained from Eq. (34) for 6 = ir/2 or — w/2. A shallow
shell may be characterized as one whose ratio of rise to base
length 5/2y is not greater than about |-. The middle surface
of .the shallow shell is represented by a parabolic surface, and
this implies a shallowness criterion that the base length 2y is
less than the radius of curvature R. The first consideration
is that the hole itself lie within the shallow shell region.
This implies a shell base length equal to 2a, and the shallow-
ness criterion implies that

a/R < i (71)
for the hole to lie within the shallow region. A correction to
this requirement will be made by considering the decay of
the hole effects of Eq. (70). The hole effects will be con-
sidered to have died out when they have been reduced to one-
tenth of their original value. Denoting the nondimensional
distance to the point where this decay has taken place by f,
the relationship between the parameter /5 and f may be
written

= T or (72)
By employing the shallowness criterion, the definition of ft,
and noting that y = af, the region of applicability of shallow,
thin shell theory may be determined, as shown in Fig. 18.
For large values of /3, corresponding to small values of t/R, the
exponential decay of Eq. (72) may be considered to be domi-
nant; a value of the exponent equal to 2.3 will then produce
the required decay. The region of applicability of the
shallow shell theory may then be defined by the equation

a/R < 0/(4.6 + 2/3) (73)

for large values of p.
definition of /?, with v

This equation, written in terms of the
= -*•, becomes

a/R < \ - 1/2 (74)

This represents the correction to the requirement that just
the hole lie within the shallow region of the shell. Equation

I 2 3
CURVATURE PARAMETER /3

r= RADIAL DISTANCE/a

Fig. 16 Interior stresses for /3 = 2 under torsion loading.

(74) defines the region of validity of shallow shell theory only
for small values of the thickness ratio t/R, as shown by the
dotted boundary line in Fig. 18.

The numerical calculation procedure is a logical continua-
tion of the solution to the problem with the solution written
as an infinite series. High-speed computers make extensive
calculations and determination of approximation errors
feasible. These numerical calculations serve not only as a
source of numbers, however, but also indicate the trends of
the stresses as the curvature parameter f3 becomes large.
In the cases of loading by axial tension and internal pressure,
the behaviors of the circumferential membrane stresses at
the top of the hole for large values of /3 were correlated with
the intermediate /3 numerical calculations. A conclusive
step in the large ft analysis would be the exact solution of

Fig. 15 Maximum bending stress at the hole under torsion
loading.

i.o
CURVATURE PARAMETER, /

Fig. 17 Experimental results.
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Fig. 18 Region of validity of shallow shell theory.

the boundary value problem which determines the stress be-
havior at the top of the hole for loading by tension and in-
ternal pressure. Further work on the entire boundary-layer

analysis for the case of torsion loading would also prove valu-
able so that better descriptions of the stress behaviors which
were noted in the calculated data might be obtained.
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